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In pravloun thcor)ucal treatmonto of the otabmty of the compnn!bh
lamlmr ‘boundary layer tho offoct of the temperature fluctuations on the - L
.:’ "viscous" (rapidly-varying) dhturbancu h cither lgnorcd (Lcu-un), or
~ {s lccounted for lncomﬁ tely (Dunn-Lln) A thorough reexamination of v

this problem shows tha temporature fluctuations have a profound influence
on both the "inviscid"' (-lowly-varylng) and viscous disturbances above a
Mach number of about 2, 0, The-present analysis includeas the effect of
. vtempcra!urc fluctuations on the vlacoalty and thormal cmductivhy, and aho
: _lntroducea the viocous dlulpat(on tcrm that was dropped.(n-&hu&zlhr :
thco:tucaktreamenu. : o co L
© Some important results. ol‘ tho present atudy are: (1) 1nntead of
being nearly conatant ncrou the boundary layer tho amputude of the

i from the platc surface for Mnch numbers greater than 3. This bahavior S
:meana that the Reynolds shear stress near the critica! layer is greatly ﬂ
' reduccd. (?.) a.t Mach numbcra leu than MZ diuipatiorx effect: are
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‘- minor, but they bocomo oxtrcmcly importnnt at highor Mach numberl and
Jtond to bccomu the dominant ol‘fect for hypersoMc Mach numberlf’/
(3r tho rate of converaion of enorgy from the mean now to the dhturh&nco

flow lhrough the ncuon of v!acoalty at the wall incrcases with Mach numbor[’/
(4) the minimum crlucal Roynolds numbcr for lnnulatod flat phto boundary

R -j-'laycru docncanu in tho rnngu 0 s M 5 3 nnd then rlaou vary lharply for

' hypononlc Mach numbers
' ‘Numerical oxnmp .
‘(lncludlng neutrnl ulnbm!y

'ot 2.2and 8,6,

Alluutntlng tho eﬂ‘octs of compreulblllty :
‘ 1racturlntica) aro obtnlnad at Mach numbcrl
The calculaded neutral atnbmty diagrnml are compcred

with the exporlmontal rcuultu of Laufcr and Vrcbalovlch atMs 2. 2, and
of Demeotriados at M = 5,8,
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Dimenslonal '«Dlinenﬁiohlou " Reference G
" Quantitics Quaniitice Qunntltlu

_.“tho'Length ) AN | C A o  . ) o
“'Wave Number & e /M) < (a/A) 4 u ‘7 V‘x‘ e
, Dluturbance o L oL ' ' o o LT . :
‘Propagation . e e S g
~Velocity L CenEm T . N
e .W. ) o‘ » ' - T ) ¢ s e s w e  .» ‘-.' R

F -lnvlucid ( iuncuon B T

G : '/n L A

.(7-1) Me e”

‘ : w

, 1 ‘ lengkh of plate : '

M, S local Mach number outside the mean boundery leyer

M (w-c) - Ce
M ‘ Mach number In wave coordlmtee

REVL'-‘ rr-

Qi{x,y,t)  quantity ol‘_ the total flow

Tix, y) mean or steady component of flow quantity -
~ Q'lx,y,t) fluctuating component of flow quAatity
-q(y) v tlucthli'on amplitude '
"~ R*  gas constant .
_Re - "‘ Reynoldu number based on reference length L
Re° . Reyno!ds number based on momentum thlckneu , 3
“Re_ ¢ Reynolds number based on refsrence length but wlth tluld ‘
. : propertiee evaluated at T rof o :
To stagnation temperaturs of external etream
Toet " reference temperature of mean houndary llyer
" ag . momentum thickness wave number ZwO/A
Yy - ratio of spccific hcau .
: 8, thicknese of viecouu layer near wall
& - small paramcter (aRe) ,.
E' ‘ i emall parameter (eRe »I) for preeent orderlng :
e . boundary Iayer momentum thlckness
P wave length of disturbance ‘ S
9 - kinematic viecoauy ‘ R sl
o g;‘pmndu numb" T Do - B




) Z' g Roynolda strona
) lnvluchl (0] functlon ”

-~ Subser l"ght »

" qusntlty svslu:\ted at crltlcal polnt
- _‘locsl condition outside mean boundary lsyor (oxtornsl)

R DO | ;lmagtnary part ot quanmy
tnv - inviseld R
s . qnantlty for neutrnl lnvlscld dlsturbsnce
: - viscous : ‘
w o quanmy evaluatod at the wall

A bar over a quantlty lndlcstes mean vsluo.

Primes genorslly denote differentiation with respect toy, The fow instances
3 whero primus denole a nuctuattng quantity should not cause any confuslon.

1. lntroduction

Exporimental results obtalned by l.sufm-l"I snd Vrebalovlch at

M, = 2.2 furnish definite proof of the existence of Tollmien waves in the

supersonic laminar boundary layer on an insulated flat plate. The general .

- shape of the stabllity diagram in the ag = Reg Plane does not differ much

from that found at low speeds. however, the minlmum crltlcal Roynolds

. number and the wave numbers and ampllllcation rates of the lelf-oxcltod '
: dlsturbances are much lowel. ollmien waves were ‘also (ound by Demetx'lacluz v
in the laminar boundary layor of an insulated flat plate at M = 5.8, Here ths S

minimum critical Reynolds number seems to be about one order of magnltude

: larger, while the ehsra.ctoristic wave numbers and amplltlcatlon rates are
even lower than at M s 2.2,

These experlmontal studies stimulated a reexamina.tion of the whols

v theoretical basls of lamlna.r stability at high Mach numbers. ‘In the earller
e ;»treatments of Lm3’ 4 .and one of the present authors it 1s tacitly a.ssumed

: ' that the critical la.yer (wave speed = flow speed) lies close to the surt'acs,

so that the flow velocity with respect to the wave is gmall in the region

between the surface and this layer n tha.t case ‘the rate of change of

o ’density {or temperature) following a fluid particle is small for the ”vlscous" '

-+®  Superscripts _refer “to references listed at‘ the end of the paper. o
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' ~-(rnpldly-vurylu5) dluturbnncen, and theso dleturbancee are treatod as

enen!lolly Incompreulble. Dunn"’ and Lin polnted out !hat this concluelon
" As valld for subsonlc or nu;,huy supersonic npeede, “but not for higher
- ‘eupernonlc epeedo, becnuec the ¢ritical layer is no longor "close' to the -

:mrfaco. They ‘obtained the "first-order offoct of temperuture fluctultlonl
_.on ‘the viscous disturbancos through the contlnulty equauon, end they

,j'dtacusacd the lmporlonce ‘of the thermal’ boundary oondmou. However, g

: 'j'only the uo-callcd "lcadlng tcrma" are rctalncd in the energy. and momentnm_ '

' ,equauonn. No numerical calculauone ulmzlng this method are available. -

“At hlgh Mach numbers the tompe rature fluctuatlone ore domlmnt

" and viscous dlnipauon muat become important, In the preeent etudy we

”- "(elow!y-varylng) dlomrbances previous trentmente

'want to retain these effects, so far as poulble. Even for the ','lnvhcld"

3-5 have employed

approximate methods valld only up to moderate euporeon&c speeds, and for

;wave velocities not too close to free-stream apeed New methods must
. ’now be developed to cope with hlgh eupenonlc and hypenon!c epeedc. -

Only the elmpleut gas is conoldcreo hcre, namely one with coneunt

: ,epecmc heatr ‘constant Prandtl number and constant chemlcul compoemon.

Of course the temperature dependence of viscosity and thermol conductivity

is taken into account. The laminar boundary layer is idealized as a plane,

-pnrallel flow, and cach total {low quamuy is regarded as being compoeed ot
& mean component which dopends only on the distanco normal to the plue

‘surface, and a ﬂuctueung component of lnf!niteeimal magnuude. Thue '

Qlxyt = GiN+Q (xyY) .

: , Wlth theee auumptione thc coefhclente of the lincar partial diﬂ'erentia\
: disturbance equatlone are indcpcndent of both x and t, sothata dhturbonce

of the form

Q' (x, v.t) 2 qly) e ‘“‘x' et

- :“ euggested Here qly) is a complcx amplitude and ¢ is the complex phlu
. veloclty. The real part of c = c_ is the d!mension!eea veloclty of wave
‘_‘propagation parallcl to the aurface, while nc givce the amplifica.tion (or

v damping) rate.

’ ’I‘he total flow must satls[y the aame boundary condlllonl on the

R 'velochy as the original steady mean ﬂow, so that the longitudlnal and normalv i
veloclty {luctuatione vanlsh at the surface 1. e. f = 0 and ¢ = 0, In -
“,general the thermal boundary condition at the surface atates that the o

e inatant.aneous temperature and hca.t tranafer rate ax-e contlnuoue acroee the '
A R TS B E )

'aolid-gae interface. However most surface materials are so hlghly “f’




e conductivc compnrcd lo FOLLL that tho tcmporaturc ﬂuctuauon. at !h. nurllco .
~are almost’ completely nupproucd at the Ircquonclon of interest lor laminar B
stabitity, rhurofore we take 0 = 0. In Sectlon 2 we nhow ‘that for &hturblncu S “
o ."propngaung at aubson\c vclocmos rolative to the' freo otream all dllmrhnco SRES
o ampmudu vanhh far frorn the plate surface, l. e, q(y) —0as y—)-.o. -

‘rhe purpone of the presont paper is to bring out the physlcal

o 'mcchnnhms and maln theontlca! problema ot lamlnar boundary hyor
“v,.ntabuuy at hlgh Mach numbars. Detalln of the mathematlcal treatment ,
v,(lnclud!ng the general thcrmal boundary condmon a 0 L4 b 0 » 0) are .

-contained in Reference 6. In Section 2 we delineate the prlncipal dhturbtncc
- flow parameten and reglonc in coordlinates fixed in the wavae, Section 3
s concerned with the mechanisms of producuon of disturbance energy at

high apceds, and the conclusions to be drawn from the energy balance for

- neutral disturbances {c = 0). In Secuon 4 aomo aupectn of the elgcnvalno i
S problem are dlscussed with partlcular empha sis on the role of the

:emperature ﬂuctuauom, and some numer!cal examples arc presentad

for an insulated Nat plate in air at M = 2,2'and 5. 6. Finally, in Section 5
we summarize our conclusions and the pruent state of our knowledge

(and lgnorance) of laminar atabmty at high Mach numbers,

. ( REL)

2. Flow Regions and Parameters in Codrd\'hi:n;j Fixed in fhe Wave

- Toan observer ridlng with the wave tho entlre ﬂow fleld is 'tcady.

o ‘ ﬁ:’rhe uniform free stream s moving to the rlght with the veloclty l-¢c, _while
vthc plate ‘surface is moving to the left wlth the vcloc!ty € . (See -ketch on

page 1.) The present discussion is concerncd only with dlsturbanccn

- propagating at subsonic veloclty relatlve to the free stream. In other wordu,

the relative ‘Mach number {M = M !l -c )= }, orc, 4 1= (l/M )

REL)e

_In sucha steady, subsonic flow of unlimited extent it is well- known that all
j_»smau disturbances dxe out’ ‘with dlstance like e ﬁy as y-—-,-ao . where o

pan\/x-(MREL ' a ,/1-‘ (l-c)

The re:triction to subaonic relative motion evxdently does not apply

o ”_’-‘"to the plate gurface. In wave coordmatea the plate Mach numbar is glven by

= M e, / '1‘ . For an tnsulated surface and Pr a1, one ﬁnds R o

)/(J ) 1 when M 5 Z Z (approximately, ‘for Y=1.4) Thus




for M < 2.2 the Ilow is everywherc subsonic with rsspcct to the wave, but

: for M >, Z 2a supersonic flow rcgion exists ncar the plate surfa.ce. In fsct
‘ "A»fwhen M, >> l <, —_1, and (M ¢ )/H—_ )—J— ln this limitlng case
the sonic line defined by the relation M {w - <:)Z a T occurs atw? 2/30 ;
’ The existence of an extensive supersonlc flow region for suﬂiclently o
high M has a protound effect on the amplitude distribution for the "lnviscid" ’
pressure ﬁuctuation hetween the plate surface and thc critical layer (w = C) -
At the plate surface ‘¢INV’ % 0; therefore, in wave coordinates the -
o amplitude of the pressure ﬂuctuations near the plate surface satisﬂes the -
‘ 1':Prandt1-Glauert equa.txon for a wavy disturbancs ina steady, uniiorm ﬂow,
" ”’:f'j-‘namely, - R T R S ST
S +n_[MREL -] =0 .
‘From Eqk (1) one sees tha.t the amphtude of the pressure ﬁuctua.tion
- _‘_decrea ses inihally thh dxstanc= away from the plate surface !f M

EL

B ‘This’ sonic lme does ot introduce any real smgularlties lnto the
llnearized disturbance equa.txons for a shear ﬂow3 oo




/ *and lncrcawn 1t MREL < l. Bli the y-coordlnnto h narmaltzod by means o( .
' “Vthc Huw.nth-Dorodultz.yn trnnuformntlon Ya l (dy/'r), than Eq. (l) bocomu*

E R R T}

n othcr wordn the propor parnmutcr s not nz. but nz ’I‘ z~’nz ‘M: 4 for

am lmmhted late, At anbsonlc or ollghtly ouperuon!c froo ntrtmm lpudl
-5
a

-T'-' = O(n ), and the tncronae in prauure ampl!tuda bctween the phto

; ourhco und the crlttcat lnynr ts umall. But at hlgh nupcncntc and hypouonlc
: ‘.pced. u Ty 2 i{s no longer small, lnd (MREL, >1, so that thc decrease ln

pressure tluctuatlpn amplitude cutward to the critical lnyer is oubltlnthl. |

This phenomenon is not properly accounted lor in prov{oua theoretical

treatmcnt|3'5 because the lnvlncid oolutlonn are obtalned by employlng
oerlon expansions in powers oln » Since n is supposed to be lmall 1t

10 tacttly assumed that |v /v |2 = 0{1)." The fact that |w /x., Pectar
: '~hlgh M ‘has & -trong lnﬁunnce on the Roynoldn stress tncromcnt (or docnmont)
'nt the cr!tlcal Iayor, and thurcforo on the energy bnlanco for a neutnl
disturbance (Scctlon 3.

_ The distinction between uubsonlc and nupenonlc flow regions in
coordinates fixed in the wave makes sense only if the dt:turb&ncgo are
largoly "inviscid" (olowly-varytng), as propooed orlgimny by Prandtl.
thonlty and conductivity are important in two rcglons' (l) at the plntn _

o ourface, where vhcous oolutions rmust bc addcd to the lnvhcid nolutionl in
' ,;ordor to satlufy the boundary condmon. f,=0, 0 = o. (2) at the

Lo . "'critlcn! layer" (w = c), ‘where the longltudlnal tranaport of vortlcity and

V°R° l (w -¢ )l . At the plate surface the paramoter ({ —=—

‘ ﬂheat energy with respect to the wave vanlahu, and the vertical trausport of
: these quantities must be balanced by viscous diffusion and heat conductton. o
o Clcarly the proper local Rcynolds number ln coord!natas fixed in the wave h

QRG ) * i‘ a ; '

W

: 'meaaure of the d!ifus{on distance for vorticlty during ono period s so _‘ co
' thu inner boundary layer is thm whcn uRe > > 1. Slmilarly, tha parameter RN

 Stnes Byl B0 o 1:-:

ch gc
R i’)w :
. ’:dlatance f°1' heat e“"BY. Where o h tha Prandtl number. e

’ t* ‘I‘he parameter ( ‘) % measures the correspondlng difiuaion
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e o., tho Minvisctd" tcmpornturo fluctuations normnllzed by thn troa |tream

N .‘tomporaturo are o( order M_ 2. Decause of the boundary condition ,
o r‘,;( INV’ + (0 ) . 0 " tho "vlacoua" tomporature ﬂuctuatlonl ara also o!

";ordor M, 2 Now the gradlcnt ot mcan temperature h of order M 2 ' d o v
: jju_n’ao is thc whole level of mean tcmperature ln the boundary layor whan M 2, > > l."‘
ln other wordn the {reo atream otatlc tumporature la no longer relavant, and

must be replaced by some repruentatlve temporature TREPN M, T,

e For examplo, thc new paramctcr that ordera the vluco\u terme ln tha ‘

, ] , ,
,‘cquatlon. of motlon is given by — ’ whora Re $
‘ B MaRepp ) ' REF " 7nsr

f"theretore, En N'(EF)} &, whcrc £ is tho old parameter (uRe) *'. Fora

X ; ‘ltnear vhcaolty temperaturo relatlon e—v M, 2 N Termo in the equatlona of -

‘ ~,~motlon arhlng trom the normal gradtentn o!‘ mean or nuctuatlng vltcoa!ty o

-.-vgand conductlvlty, or from the viscous diulpatlon ‘were ‘regarded as of ordar g -

g in Rcfcrencea 3, 4, and 5 compared with the "leadlng" viscous torma,

but thcy are actually of order E_ . At hlgh :upcraonlc or hyperlonlc free ‘
- stream specds these terms aroc likely to be of the same order as tha lo-called
: "lcadlng tcrms" (Scctlon 4).

' 3. Energz Balance and Rcynolda Stress Dlatrlbutlon for a’ Neutral Dlaturbance

I-'or a ncutral dlaturbancc the nct rnte of tranafer of energy per cycle :
to thc dhturbance by the action of the Rcynolda atrcu ' =~ P u' V' must be

A ba balanced exactly by the rate of dissipation of disturbance energy per cyclc.

: f_'Aa cxpectcd the dlulpatlon term la llnear in the vlacoslty and is therefore '

- of order l/cRc.» It is aomewhat lcu obvious that the Reynolda stress also
dependa on vlacoaity because of tho phaae shift in disturbance vclecltiu -
‘»lntroduced near the plate surface. ) “Tho Rcynolds stress dlstributlon across

. the boundary layer ior aRe >> 1 (Scctlon Z) ia sketched on page ll [The ‘v -:;
: "_ratc ot‘ transl‘cr of encrgy to the dlsturbance is glven by J {‘t’(du/dy) dy dx]

‘kif”ﬁ:,The Rcynolda atress riaes rapidly with diatance awa.y t'rom the plate surfaca SR

a_:,c, - :,. and then remaina practically »

"‘,in a zonc of thlcknes: 5“’;

constant in the nearly- nvlscid reglon bvtween the surfaca and the critical




| altv ¢©

layer. Since ¥ — 0 far from the surface, T must be cancelled by an equal o
and oppoano }ump in Reynolda o!ren at tht crmcnl layer. When ; 3

2332_ (1- €) > >1. , this jump can’ bc cnlculatcd from the lnvhcld .olutlom (

c L
(Soction Z). vhconlty and conductivity mcrcly cmooth ou! the lrnnult!on. Thus
» : L Yo + 0 : o
at = - A M
o Ve - 0

H‘“ 1’» i

: Lct us now examino cach of these regiona of Rcyno!do slrcu production '_'i ;’» i

(or de etrucuon) acparatcly.

(a) At the plate nurface

For a ﬂctmous invlscld non-conductlng gaa,only the lnvhcld uolut!onl '
apply. All disturbances vanish far from the surface, ‘and the normal veloc{ty ‘
fluctuntion vanishes also at the platc surface. Howover thc inviscid tem-~

pcraturc and longitudina.l vclocity ﬂuctuations gcncrally take on non-zero '

Y values at the surface. Now, for a real gaa f =0 a.nd 0 =0, .no matter o

how amall the viscostty and thormal conductlvity. Thus onc must add viscous -

= ey 2nd (9)),
0 —= 0 as y-—> w, (See sketch on pa.ge 12 ) By considering only the

solutxons determmcd by the condxtxons (f )

leading viscous terms in the momentum and energy equations ina thin "
layer near the plate surface and rccognizing that ¢ and w 0 there, ane

fmds the a.ppronmate viscous aolutions )
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- Co‘ﬁ'\pletra 8otuil6n |
“ f *'lnv

Viscous Solution
| ’xayl._cm" Solution

‘lnv‘ ‘

“_lnv)w

  ;6 o _(0 n »-n i)(Y 7"/6 W (9)

. 'v*'wh'é(ie 6

But thcae additlonal :emperaturc and

” ‘v"ilongitudinnl velocity ﬂuctuatlons lnduce an incrcment in normal vcloc!ty
T ﬂuctuauon across the boundary layer. Accordlng !o the cquatlon of
et .continuity and the equation of state IR i
. - A L. dT] o

= te @ - moar “°’

8 % -1, ', ey o

emPlo}'ing Eq. (6). and S




80 that ,’

£ where (¢ ) h glvcn by Eq. (IZ), nnd the lnv!scld solutlono must now bc

o ‘aurl’acc !ncreasca.

;"la.yer is given by the bchavior of thu invxsmd solutions theres.

(W @aw,
Pl an)aw R S *'- wa
o s sl LYY Y (er )
e * ¥~ MMpg e N

R ¢ (¢) t,(_dmv) =0

nltered -lightly to satia[y the bonndary condition at the wnll. The nltutlon' ~
hcrc h nomewhat analogoua to the streamllno diaplacemenk effert producad e
, _"in the extcrnal inv!scld flow by the mean boundary layer. R R ;
It ks prcclae\y the fact that (¢mv) £0 for nRo largo but not lnﬂnlte

that gives rise to the Reynolds atren aasoclated wlth the lnvhcld |olutlonl.
Nowt‘--pu'v‘.lolhat ' R . ‘
--tp/z)unuw*) N  >§(15)
,By employing Eqs. (lZ) - (15), one finds ‘ : :

. , INV "'T"_' INV W ‘ ) ( ) R
o 1 [Note that t’ ls > 0 and of ordcr As the Mach number M

)'nl{c o .
' :lncreaacs K increaaes [Eq. (13)] » and the Rcynolds stresl near the plata o

Q:) Acroas the critical laycr (w = c)

Thc magmtude of the Jump in Rcynolds stress across the critical L

y+0'

| M" i ‘f=_-(a/2)(c/T w, ) |

w R

fﬁ | vo(c)

‘ mv)

’u
e




[Bq. (5) connoctlng (l‘ ) nml LW htu nlrcndy bccn utlllzod ] In thc o

INV
llmlt uRc —_—, T INV (8, )-—»-0 [Eq. (l(s)] 5 and tho Roynolda -trcu

"fvnnlnheu ovcrywhorc. “Thua lhe nccouary (nnd sumclont) condltlon lor the

.:‘ifj"oxlstcnco of a neutral lnvlachl dlslurbancu lu th.n (d/dy)(w'/'r) " () lor aomo

o Cwi 1= (l/M ) (Rcfcrenco 3) ’rlm ‘value ot‘ w " c tor ‘which thlo condltlon S

o ';:"ivls oallsﬂcd hu ohown in F‘lguro l. When ¢> c. ) (d/dy)(w'/‘l‘) <0 and

y+0

M‘J B ‘év‘o‘ R _vap that a-'hg‘u(lral dlskurbanu_ c_ah ln tatgt 'e‘xht when oRc TR

h largo but ﬂnltu. Evidenny tho magnnude of thls Jump in ‘l' dependn

crlucally on “W ratlo | w ./, ‘lz .

: In Section 2 It was ahown that the amplltudo of the prouuru '
v vﬂuctuatlon docreases with distance Away from the plate nurfaeu At hlgh

L ':_"lupenon!c npoeda. A quantltatlvc ostimate of thln decrease lo obtalned

"l-{rom tho oolullonn o( the tnvlacld equauono for o nnutral dhturbaucn o
v(c = c ) By cmploy!ng Equ. (3) and (IO) one obtalna ' 2 S »

¢--u-‘—(‘—"fr°)—" S (xe)‘

and the momentum cquatlona p:\ral!ol and normal to the plate nurfnce ylnld '

1a? o(w-c)¢ (w'/m e

- fo cnmlnating fand @ one obtaina a sln;,lc d{ffcrentlal cquntlon for . It ‘

: A.»_‘turna out to bc morc convcnicnt to introducc the Riccatl :ransformation

N G 2 ("'/0 w) = (1/0 )(d/d)') ‘08",.‘
: -~lnnd the differentlal cquatlon for G is (Rcference 6)
| o MEweat ] e AR
[il'- —T— ’ + (,Zw' -T—-)G-u G . "(Zl)“

G' =

At thé pla.te surface Ga0 whcn uRe --)-w and we obtaln Eq. (l) of Section 2

~In Figure 2 thc results of a numbor of numcrical integrationa of

Eq (21) are shown for an inaulatcd plate surface, baaed on the mean flow

,profiles calculated by Mack7 The location of the critical layer coincldea R

B f,,‘with the most outward zero of G. Thc behavior of the slope at y = 0 £ollowu :

i the predtction made in Sectxon Z Smce the area. under cach curve out to L




fnny dlntancc from thc sm-hcc hn proportlon:\l to tho log,.\rlthm of tho -

o 'preanuro flucumuon nmplumlo at that locntinn, it is clcnr that (n /n )
.,’docrcnoou markcdly with lucrcunlng Mach numbcr at hlgh M ln Flguro 3 S
[tho ratlo /w Aa plotled as a function of M, Do!ow M 'Xz. 5, (n /w )- 0(1).

" Tho intograuom also yleld the elgenvalucs (no) , and thono valuco are ohown ) E
“-ln Flgure 4. 'rhc value' of (og) la Vory ‘small- when M < <1, lncrcnon in "
»vtho oubsonic rango, and (anor a dtp near M =1, 7), rcachoo a maxlmum at
| ,Aabout M n 5.0 noyond thiu Mnch numbcr (no) npproachon tha anymptotlc
5 _»_‘behavlor (no) ~ l/M o = SRR
S0 .By refcrrlng to Eq. (l?) and Flgure 3, ona aoea that tha nlnbmslng :
‘ "(or dcntabmzlng) action of lhu jump n Rcynolda utrnsa at tho crlllcal layer
_ducroasea rapldly at high Mach number. According to Eon. (7), (16), And
‘ (17) the condltlon for a ncutral dlaturbance is ’

\)w ‘w | L* Ko a)

BERTPE :

S , ,-ch Y ‘c)l c/'t I
: Thia rclation iu a!rlctly appl!c'\blc only when oRc >> l R e., along tho
',"upper branch" of the curve of neutral stability in the a - Re plane. ‘When

- 'M <2, 5 ' /w , = 0(1) , and the prlnclpal cﬁ‘ccts of lncrcaalng Mach
numbcr arato ahm <, to hig'hcr valuon (c - I (l/M ), and to increase

(22)

f'the rate of producuon of disturbancc energy ncar the aurfaco. As indicated
- by the factor {1 + K0 %) in Eq. (22), this last effect shifts the eigenvalues
o .‘_along thu upper bmnch to at!ll Inrgcr values of oRc, and is eucntmlly o
};dombmzmg. . g ' ST R
At hypcraonic apcvds, on tho othcr hand thc bchavior of thc ,
7 ;‘f;qunntlty v (c) l L] /w ' is the dominant factor. 'I'hc varintlon of this
,quanmy with c, s lndicatcd achcmatlcally in the accompanylng aketch ‘
E _‘.ﬂOI Course v (c )= 0, and the product vie)|n /rr I at first lncrcasen SR
' with incrcasing <, > c . Butlw /w I <<l (Flgurc 3), and moroovar,A

et ' /w I dccrcascs with incrcasmg .- Thus thie product ia alwaya very
B émall numcrlcally, rcachcs a maximum at. 3ome value of c > c, a'n'd :

"‘then decreanea m value agam as c —-,- 1. According to Eq (22) thin

:vbehavior means that a.Rc dccrcases from lnfxmty to some minimum (but -

) ; " 5"‘_'very large) value, and thcn m.crca.sga aga.in Thus tho ncutral stability _'i Py
, ‘curve in the u. - Re plane for a.Rc > >1 is 2 closcd, ixsolatcd loop. Deta‘led

g B studies bear out thxs unexpected conclusion (Scct{on 4)




e

. Slnce the absorption (or productlon) ot cnergy near the crlttcal

hyer becomes progresatvely lens lmportant with incrcanlng M,» “viscous
"v«‘diulpatlon must become moro important, in ordnr to countorbalance the ~
'vproductlon of disturbance cncrgy near the aurface. But vlacouo dholpction RN

::, ' '__‘N(l/ch). so that the major stabmty problcm occurs ‘at lowcr vnluu of

“aRe, where the aoymptotic exp:mston proccdures hitherto employod may
' become inadequate, For an insulnted mrface K (Eq. (13) approaches a
: ltmmng value of 2 for M, 2 >> 1. ThusaRe at first dccrcaaca with
“fncreasing Mach numhcr, and then poa.lbly "lovch out". In that cau the
rapid decrease in no—vu/M ) would cvcntually lnsurc a rapid increase ‘
f’.vin critlcal Rcynolds numbcr with !ncrcasing Mmch number at hypernonlc S

:if" pecd" S

T4, Eigcnvaluc Problcm for Ncutral Disturbanccs

Because of the incrcaslng importanco of vlscous disalpatton at hlgh o

- 'Mach numbers and the increasing relative magnitude of the temperature

: ,'ﬂuctuationa, one is justiﬁably suspicioua of ordering procedurcs based on - |

“Lf_‘:the well-known parameter E ~ X/(uRe) In fact the full Iinearized d{uturbanca' e

.Eequatxona may be req_uired Nevertheless, in order to probe further into the e
RO 'nature of the hxgh Mach number stabihty problem, wc shall provisionally .

' ‘,i”}However we keep terms m the dtaturbance equattons asaocxated thh e

::retain Prandtl‘s "aphtting" o[ the solutions mto "v{scous“ and "inviscid" '

“ ',j‘,normal gradxenta ln fluctuatmg viscosity and conductivity, and with viacoua R

» dissipa.txon hitherto neglectcd For example, »in the enoray equation the




o hent conduction torm (O/Oy‘)( kt .D__r. ) glvoa rloo to thrco tcrnu, B o
Invo!vlng succcnnlvcly tho oucond nnd nrut normal dnrlvatlvcn of 9 and A
-0 ltnclf ' ' ‘ o K

Ordnr .Term I I T L
S R /o‘) 0" o ;: :’ | (tho no-called "lcadlng term” “
T 9‘ e ~An lhu older anatyano) Cai
B R ,yu{;_-;.qzﬁr)( ;u/d’r) 0' 'r' ‘ (ono contribution comes’ trom tho I e
o e ~gradient in fluctuating conducuvny, CAE LTI
ST - the other from the gradient in vy
T R _ temperaturo ﬂuctuatlon) .
'22 R ‘(Oﬁ‘)(cl}n/d'r) 'r" ‘ (nuctuntlng conductlvlty)

In addiuon thcre is a tvrm - 25_2 arinlng from lonbhudlnal hcat couductlon

'_(O/Ox*)(k* %I.. ), lhlo lcrm is of order nz EZ comparod to o it tormo

"~ of order g are to be lncludcd thcn to bc conslstent one nhould nlso lncludo ‘

jtho o& £ tcrms ariainp from strcamwlao gradicnts. ln tho prcaont analyllo; _« i
,only tcrma of ordor 1 and E nrc rol:ﬂncd. thua, thlu study amounu toa - |
‘--,'_"'first ordcr" lnv::sll,,auon ot the M;,h Mach numbcr ef(nctn. This procoduro'
also has tho important advantage that all vhcous ‘solutions are functions only’
-of tho single parameter qRo ((or a glvcn now), while the inviscid uolutlonl
are functions only of nz. - o
* To this approximnuon tho cncrgy cqu:mon {or thc vtacoua dinturbancu

. :v!a as followa. .

""1”--‘;"';0"+(z/p)(d,u/dr) T'O'+Z(r-l)d'M 'f'-’“"":(""‘) 0a "“R;T ¢ (zs)

'In the Dunn- Lln5 amlysis only !ho first and last tcrms on thc left-hand uidc i
_ ‘of Eq. (23) appcar, and the term contalnlng the' normal velocity ﬂuctuatlon :
" ‘{s also dropped because ¢ ia supposed to be of ordcr E. Similar!y in the -

: preacnt study the equation of continuity for the viscoua disturbancol h v
@air- (T'/T) @ —‘ﬁ}—’— e=0 ey

"\‘band. the only torm dropped is the prossurc ﬂuctuatton term whlch is of

G ‘:jordcr E Z In the Dunn~Lm5 ana.lysls the ¢ torm is also dropped In

the Lees-Lin 4 study tlns term and the tcmperature ﬂuctua.txon term do . _
‘ ‘Z'J‘not appcar, beca.use thc analysis 13 limxtcd essentxally to ca.sca for whxch TR
' -~ c=0(g). In other words the v‘scous disturbarmes a.re eaaentia.lly

"’;,'zmcompressible {n the Lecs- Lm analysxs and tho viscous tcmperature ,

i‘ﬂuctuatxons are irrulevaut 80" fax as the etgcnvalue problem ls concernod [

&




e ulnglc cquntlon'

, In lho prcacnt ntudy thc two momcnmm nquauonu tor‘ thcv vlncoul
' f;dlnturbnncca !nclud{n;, tcrmn of ordcr ! nnd E rcd\xcc to tho Iollowlng

‘.‘m +F 'JT T' (u 4,}1 .JT w' On 1 — .] . . (25)
o -V'ln Rotcrcncca 35 only the torms contatnlng l"" nnd (' aru rctalnod. S
L vidcnlly thc thrce cquauons [Eqs.- (23) - (25)] arn clouly coupled

: -;’nnd muat bo lntegrntnd almulmncously.r ’rwo llncarly lndepondent letn of

| "’f-soluuonn are dlaungulahcd by lholr be)mvior {n the external now, whero e

Vlano(l c)y 0_0“
ﬁcha‘(l-c )y ‘I-O .’

L :[’I'hc thlrd set corrospondtng to f! —-¢- 0 as y——pw corregpond. go the

w lnd T——,- l. : One sot {8 of the lorm £ ~e:

"y—buo H thc othcr acl io of the form 0 ~c

'invlsc{d soluuona] In order to satisfy lhc outer boundary condltlom only o
- the nc;,atlvu cxpo:wnta are rctalnud 'rhc rcquired numcrlcal lnlogratlono
- for M, = 2.2, 3.2, and 5. 6 wore pcrtormcd on the Datalron 205 of tha Caltueh
: 'Computlng Centcr ua!ng a Runge Kuua lntegratlon mcthod " ‘
- The bound:xry cmditlons at the’ pl\tc surhcc are that f, ¢ and 0
> ‘all vanlah Thcac conditions lcad to the complcx ‘secular equation for the
g eigcnval\mo, which after some m.mipul._nlon, can be written in the form

LG, = /W N L-y) I 1
‘ -wwhcrc G - (w'/c w) and \P is an algcbralc t’unction o(‘ the values of the ' :
o 'viscous aoluuons at ys 0.* 'rhua G, =G, (n. c, M ) and 9’ \Y(nRe; c, M ) :
“,For evcry valuc ot ¢ the rcml and una;_,iuary parts of G(w '/c) nnd (l -?) ‘
-_f{aro plottcd in the complcx phnc, and thc interscctiona dt.termine the
‘”elgcnvalucs. ' R e ‘

Supposc wu considcr first the aimplur ntuation a.t M = Z 2 and
,hmil thc diacusswn to m.utral disturbanccs. Now - (w '/c)(G‘) dcponds

,~';'bmalnly on v (c) lw /w ' "ZV _""k,‘ and is practlcall) lnd(.pcndcnt of a. In fact,

oAt is closcly relatcd to ‘the jump in Rcynolds strcss acrosa the critica.l

L g -',.,.k-la.ycr (Scction 3) As shown in the sketch on pal,e 19, there are two aolutions :r B

L for each value of - (w' '/c)(G /w) > 0 At c -,cb this quantity vanishes,

"“H;fand one obtama the mvxsc:d dxsturbancus a'= “s 5 uRc -—-)-oo ; there u aluo Sl

For dctaxls the rcadcr is refcrrcd to Rcfcrencc 6

R ** ‘The authors are gratcful to Mr. Kcnncth Lock Ior programming
B and pcrformina all high- spccd dmital computer ca.lculat:ons ’ S Rt
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\\‘; Cmpen

. hﬁag‘lm_\vl"y’ Part of Inviscid Solutions ‘Vid:oua Solutions

c—»c_ . ~aRe—row

5 — - (1 'V—"”“RG finite .~ .00

_'Neutral Stability Diagram , M_= 2.2

, “a point on the “ower branch' of the stabillty dlabram for ¢ = c'. Ac €. ‘ _
‘incrcascs above c , thc quannty - (W '/C)(G ) increases monotonically,

' and the cigcnvaluca obtaincd move tow‘trd ench other on the upper and o
_lowcr branches Fmally a value c. = CMA is reached for which only one ! ‘f ol

. solutmn is obmmed ‘and beyond whxch no solutxons exist When c < c

nly one solﬁhon is obtamcd :.md the rcst of the lowcr branch is traced out. .

,Along thxs branch o. -—)-0 and c—>-l - (I/M ) as Re‘——h-m , but nRe is

’ 7 Figure 5 the results of the numencal calculatxons are compa.red
k iAlong the

3 1th the Lauferl-Vrebalovxch da.ta. a.nd the L'. ' s Lm3_‘?.4 theory.

B npper branch (aRe large) the present calculan n agrces more closely with




-'.‘_'fﬂlﬂ d*‘“‘\ (nnd whh lhc nunn-l lus cnlculntlon) nmn tlw Lccs-Lln calcu!atlon.";.
“Along the lowcr brnnch, howovor, the vn!uuu of oRc obtatnod by al thrce R
e ',mcthoda are ’°"‘°Wh'“ too low, but the proscnt mcthod given valuu ot ,

| " aRe about 30 per Ccnt higher thm\ the Dunn-Lln mcthod. 'rhul thu o o

‘ -‘.‘:‘,‘lncluslon of the termn of ordvr E uomu to bc a alcp ln thc rlght dircctlon. TERIE:
3 - "'I“Al Oue calculatod polnt on llm luwor brnnch wlmrc °0 2 0. 030 and b,
~Rege 89, Oﬂﬂ ﬂnda lh-ﬂ E » 0. 54 “so lhat cven morc tormu aro problbly

. f'.rcqulred. ‘ o : ;
Flguro 6 showa thc calculnlcd ampllmdn dlatributions for one
’”f,j‘clgen-osclllallon on the upper branch and Flgure ? ahows the mau flow
L ‘and total lemperamro nuctuauons. 'rho Agreomcnt ie aurprhlngly good,
,'?And confirms our belict lhat the laminar -tabmty problem at Mach numberlf '
‘ 'bclow nbout 2. 5 {8 now falrly well undcrstood '

A bt T _
1 S
-y = ‘
/< A gz(w-u
e |
.4 e i .'Zc3

lma;,inary Part of Inviacid - T
Solulions . “ )Y ) thou.

Solutlonl

. aRefinite
17 qRe finite o

. Neutral stability Diagram , M, = 5.6 .




. At M = 5. 6 thc uuu.mon la entircly dﬂ'tcrcnt as !ndlcatod alrendy
“n &ho d!ucusalon of the anorgy balancc [Eq. (22), Sectlon 3] Agaln
- (w ’/c)(G,) vanlnhwa nt cemc ‘, ylcldtng two: loluuons, ono corrupondlng '
j'..to a=a ~and nRo -,. o) A and thc other toa ﬂnuo vatue ofono. As <,
- lncruama beyond c tho qu.muty - (w '/c) (G‘) lncroauos, but romalnl
o ;wry sman becauao ot thc factor ] /"w| ‘rhe npper lsohtod loop ln

.the °O Ro° plane ropreacnta lho soluuona for uRu > > l (n thn reglon L

c.s c= l. . Thc correapondlng accond noludons «re - °l " cz . °3 tuco

' ‘_out a ncw "upper loop". alonj wh{ch “O apparently —»0 a8 Re —_— eo lnd

_nRe —rﬂnitc va!ue. Prcsumably the s(nglc aolutions obtained for
S (l/M <c< c, trace out thc rost of the lowcr loop S

mcchanisms governing smbllity change ":drastically at high aupersonlc RIRE

‘ ’l‘he two loop bchavlor is ahown in Figure 8 and compm-ed with

o Dcmotr&adeu' dataz.‘ Slncc the mlnlmum value of Reg on the uppcr loop

" - is nbout 10 lhls !oop is of liule pmcucal s(gnmcance. The poruon of

) v."‘jthe lowcr loop drawn in an unbrokcn curve h:n about the samo |hapo as
,‘Demetriadca' dnla but the points e about an order of magnilude lower k

in Re Howuver, ﬂm calculated points are themsclves about one order ‘

of magnltuda higher than those obtained using eithcr the Lees-Linor
. ‘Dunn-l..in mcthods. The value of € at the tert poin: indicated in Figure 8
_ ‘is about 2. 0, wh!ch {s some lndication of the !nadcquacy of the orderlng ‘

- iprocedurc baacd on z. LT : O

“ Along the dotted portion of the lowcr loop in Flgurc 8 c —-p i,

S and u713-“—(1 - c) may bc nol be sufflclcntly largc to justlfy tho procedure of 0

aplittlng the solutlonn lnto "inviacid" and "vlacoua" (Sce Sectlon 2.). e

e Numeﬂcal results were alao obtaincd for the "transltional" case 1 S e
,,,M =3.2, but thoee rcsults arc not yet well enough undcratood to be "

.rdiacuascd herc., T :

L5, Concluaiona and Future Wm-k

The prescnt atudy of thc stabxlity of t" ‘fcompressible lamma.r

' ""‘boundary layer ahows that thc relatﬁve (mportance of the various physical ~~;-_—-‘-

. j‘Ma.ch numbcrs

o 1 Instcad of bcm« ‘ncnrly constant across the boundary layer, the
o .,amplitude of thc mviscxd prcssure fluctuations dccrcasea marked!y with




e 2-’- AR

' f"",,'jrdhtancu l’rom thc pl m: mrf\cu at: Mm:h mm _n grratcr than 3. Bccnulo R
i ';"ot thls bohavtor the rnte of nbnorpuon (or prodncﬂon) of dhturbanca onorgy

B near’ lhe crlllcal laym' 18 brmt\y ruducod an compxrnd wlth subaonlc or ..
»,‘lllghtly oupersonle (lows._ o S T B
A M lhe same e the rata of producuon oI’ dhmrbanco onorgy

ar the mrface causcd by the vlacous phan ’.hms lncrouec w{th Mach

SR v/nuinber. ; "
= 3 thous d(aalpat!on bucomeu extremcly lmpcrtant M hlgh Mach
- k,number, n(nce tt must compensato for the oﬁ‘ccla menuoned n (I) and ‘ ‘
(Z,).' Thln phenomenon (1) nlso t'oreahadowed by the lncrene in the relative -
5 ,;magn(mde of the temperature flucluallons. Accordingly, xermn in thc I E
quat(ono of mot!on (nvotving gradlenta of viscoslty or conductivlty S
: ﬂucmatlcn, or vlacous diaaipltlon, which’ are ncglcctod in the older analynl,
':'~‘-,'muot be lncluded at Mgh Mach numbers, ‘ C
PR l-‘or (rcc ‘stream Mach numbon o( Z. Z and below only a nlngh
: i‘,,ntablllty loop tn t!m u - Re dhgram {a obtaincd Ca!cuhtod neutral o
L : ntabmty cha:acter!stlc. and dlnturbanco ampmudo dis!rlbullona at
. M = Z.Z arein good ngrcement with the Lnut’crl-Vrcbanvlch data,
v | ' 5. At M = 5.6 two distinct atabmty loopa are obtalned, but _
_ k".‘vtho minlmum Rcynolds number (Rco) for the ~upper loop is so high ('3’ 10° )
: that it does’ not have much practical algnl(icance.f ‘The other’ loop is
= "‘1,;;_'1fqualitatlvcly uimilar to the cxpcrimcn!al results of Demctriadeaz at
S [’Me & 5 6. Howevcr thc calculatcd Rcynolds numbers arc still an order of

;_,_magnitudc lower thnn thc cxpcrimcnta.l valucs, althou"h thcy are ln. turn '{ S
3,4 7

. “an order of magnitudc largcr than tho va.luea obtalncd from the Lees-Lln
’or Dunn-Lin methods. ' S '

: 6. At Mach numbers around 3. 5 one obtams a transltional atabuity
: ;,f:\-}idiagram betwcen thc "almost incompressible“ behavior for M, = 2 5 and o

..;the hypersonic behavior for M, 5 0 T}us regxme requires additional

,The structure and solut).ona of the nearized disturbance equations‘

: must be carefully exammed for the case cr —-—> 1' In addxtion there is aome -

' jquestmn concermng the enstence of multxple elgenvalues of the wave number _

\"'»:‘for a neutra.l inv1scxd disturba.nce when the rela.twe velocity between the o




3,

8 Auymptotlc mnthodu uullrcd ln nll boundnry lnyer otabmty

'lilnalyaou, b:wcd on a Yamall! paramaeter of the Iorme = (uRo) , are no
- “longer adequate at high Mach numbern. Infact the proccdure of .pllttlng ,
" the loluuona Into’ "vhcouu" (rapldly -varying), add inviscid ("llowly-vuylng"),u',"
L Ao n no longcr justltlcd. lt {v nuggcutcd umt the complcto, llnoarhcd St '
S disturbance cquatlons should be lntcgratod by mcthods slmnar to thou S IR
"'--iﬂ"‘_ldnvalopod !n thc prcacnt atudy for the aoparmo viacoun and tnvlacid nolutlonl. R /

9 SOmo evldencc exlsto tlm oRc at nm dccreaoen wuh lncunlng P

L»Mach number, and then approachcn a conntant u vhcoun dlulpauon
- bullds up. Slnce the wave nuimber behaves nsymptotlcally Nko (M )
“the mlnlmum crillcal Rcyno\du numbcr in likcly to lncrnaao uharply tor
: 'hypuuonlc upeeds. ‘ '
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